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ABSTRACT

Autoregressive language models generate along a fixed left-to-right chain, whereas
standard masked diffusion language models (MDLMs) train on randomly masked
contexts, assigning equal training weight to all possible token reveal orders. Be-
tween these endpoints lies a structured regime: several tokens may be ready
concurrently, while others should wait for specific evidence. We formalize this
regime as dependency-structured generation, in which a model’s reveal behavior
is compactly described by a conceptual directed acyclic graph (DAG) over token
positions, whose edges encode prerequisite relations. The framework recovers left-
to-right autoregressive and standard (blockwise) MDLM objectives as boundary
cases. The graph is a behavioral abstraction rather than a generated variable and
is neither supplied nor constructed at inference. We instantiate this framework
with MAPLE. During training, MAPLE uses a frozen teacher (e.g., a pretrained
LLM) to extract a dependency graph for each target sequence; this graph induces a
normalized training distribution over reveal orders. We derive an exact negative
ELBO that jointly models the next reveal position and its token value. Under
standard realizability, every global minimizer of the population negative-ELBO
objective recovers the data sequence distribution. This optimality guarantee does
not require the learned model to exactly reproduce the teacher’s reveal behavior;
the extracted dependencies instead serve as a finite-model inductive bias toward
informative partial contexts. At inference, MAPLE retains the original parallel
MDLM decoder unchanged. Continued pretraining of LLaDA 2 and DreamRea-
soner for mathematical reasoning and code generation improves task accuracy and
substantially reduces teacher-dependency violations without sacrificing decoding
parallelism.

1 INTRODUCTION

Token predictions often depend on specific evidence: a premise supports its conclusion, and a variable
definition supports its later uses. Reveal order determines whether that evidence is visible. Autore-
gressive models fix a left-to-right order, whereas masked diffusion language models (MDLMs) train
on partially masked sequences. Under the standard independent-masking objective with inverse-rate
weighting, MDLM training is exactly an average over uniformly sampled token reveal orders (Sahoo
et al., 2024; Hoogeboom et al., 2022; Ou et al., 2025; Nie et al., 2025). This flexibility covers
arbitrary partial contexts, but gives the same weight to orders that expose useful evidence before a
prediction and orders that do not. A finite model consequently spends capacity on poorly conditioned
predictions. This leaves a natural middle ground between a single left-to-right chain and treating the
entire reveal-order space symmetrically.

Identifying this middle ground is challenging. An L-token sequence admits L! reveal orders; this
combinatorial space has been highlighted as an optimization challenge for MDLMs (Ni et al., 2026).
For sequences with prerequisite structure, however, plausible orders may occupy a much smaller,
structured subset of these possibilities. Recent order-aware methods use planners, model confidence,
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teacher-estimated difficulty, or learned schedulers to implicitly steer training toward favorable regions
of this space (Peng et al., 2026; Kim et al., 2026b; Chen et al., 2026; Hong et al., 2026b). Our
approach instead makes the target subspace explicit: it uses a frozen teacher to compactly describe
a plausible subset of reveal orders for each completed target sequence, then derives a principled
training objective over that subspace.

The compact description is a dependency graph associated with each completed sequence. Suppose
a model can generate a sequence x through multiple reveal orders, and x contains a premise at
position A and its conclusion at position B. If A is necessary evidence for B, a well-structured model
should reveal A before B along every order it uses to generate x. The edge A→ B summarizes this
shared behavior. Collecting such relations yields a directed acyclic graph (DAG) G(x). A reveal
order is compatible with G(x) if every prerequisite appears before its dependent; positions with no
directed path between them may appear in either order. Thus one graph represents many reveal orders
without enumerating them. A chain describes left-to-right revelation, an empty graph leaves the order
unconstrained, and a blockwise DAG corresponds to blockwise generation (Arriola et al., 2025). We
call this view dependency-structured generation. Here G(x) is constructed after observing x only to
describe reveal behavior; the generative model neither constructs nor consumes it at inference.

We turn this graph-based characterization into supervision with MAPLE, a MAsked Partial-order
Language modEl. For each completed training target, a frozen teacher estimates pairwise influence,
from which we construct a sparse dependency graph offline. The teacher need not be a stronger
sequence generator than the student because it annotates dependencies rather than supplying target
token distributions. The graph induces a fixed, normalized training distribution over reveal orders.
Treating the reveal order as latent, we derive an exact negative-ELBO objective for sequence likelihood
that jointly trains the model to select the next masked position and predict its token. Training is
tractable and has comparable cost to standard MDLM: a partially revealed state is constructed
by iteratively sampling positions from the predefined graph-induced distribution, with no student
or teacher forward passes, and the student is evaluated only once at the resulting state. Under
model realizability, every global minimizer of the population objective recovers the data sequence
distribution. As is common in latent-variable models, the teacher specifies the reveal-order space
from which training states are drawn, while the optimal student model can adopt a different reveal
distribution better suited to its own parameterization. At the objective level, the framework likewise
recovers standard autoregressive, any-order MDLM, and block-autoregressive losses as special cases.

In practice, we derive variants of MAPLE without changing the standard MDLM architecture. A hard
graph-induced policy strictly restricts training to teacher-compatible reveal orders, whereas a soft
version broadens context coverage and allows a smooth fallback to the empty-graph case (i.e., the
standard MDLM objective). Because standard MDLM decoding already uses token confidence to
choose masked positions, MAPLE trains those same scores to prefer positions whose prerequisites are
visible; no separate position-selection head is needed. The teacher and graph are used only during
training, so inference retains the standard parallel MDLM decoder unchanged. Continued pretraining
of LLaDA 2 (Bie et al., 2025) and DreamReasoner (Wu et al., 2026c) on mathematical reasoning and
code improves task accuracy and reduces violations of teacher-estimated prerequisites.

2 A REVEAL-ORDER FORMULATION OF MDLMS

For the probabilistic formulation below, fix an observed prompt c and a supplied output length L;
we suppress both from the notation. Let x = (x1, . . . , xL) ∈ VL be a completed output sequence,
where each xi is one token, V is the vocabulary, and I = {1, . . . , L} is the position set. Let O ⊆ I
denote the positions whose tokens have been revealed. The visible partial state z(O, x) contains
xi at positions i ∈ O and a mask elsewhere. For example, if x = (A,B,C) and O = {1}, then
z(O, x) = (A,[MASK],[MASK]). Thus z determines both the revealed token values and the mask
pattern. All model and data distributions below are implicitly conditional on (c, L).

2.1 PRELIMINARY: STANDARD MDLMS AS UNIFORM REVEAL-ORDER TRAINING

Let πθ,i(· | z) denote the MDLM’s normalized distribution over vocabulary tokens at masked position
i, conditioned on partial state z. Let SL be the set of all permutations of I. For the standard
MDLM objective, sample a reveal order γ = (i0, . . . , iL−1) ∼ Unif(SL), so every permutation has
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probability 1/L!, and define Ok = {i0, . . . , ik−1} and zk = z(Ok, x). The standard independently
masked MDLM objective with inverse-mask-rate weighting (Sahoo et al., 2024; Nie et al., 2025)
admits the following exact any-order sequential representation (Ou et al., 2025, Theorem 2):

LMDLM(x; θ) := Et∼Unif(0,1)EM∼Bern(t)L

[
1

t

∑
i∈M

− log πθ,i

(
xi | z(I \M,x)

)]

= Eγ∼Unif(SL)

L−1∑
k=0

− log πθ,ik(xik | zk) =: LAO(x; θ), for every θ. (1)

Here M is the masked-position set obtained by masking each position independently with probability
t. Equation 1 uses the summed-token convention; division by L gives the usual mean-per-token
normalization. We call LAO the any-order (AO) form because it averages equally over every reveal
permutation (Hoogeboom et al., 2022). Appendix D gives the full derivation.

2.2 A NORMALIZED PARTIAL-STATE GENERATOR

The permutation-based form in Equation 1 has a one-step interpretation: at each partial state, choose
one remaining masked position uniformly and predict its token. We generalize this transition by
allowing state-dependent position probabilities. At a nonterminal state z, let U(z) be its masked
positions and let κθ(· | z) be a probability distribution over U(z). After selecting i, the model
samples a token y ∈ V from πθ,i(y | z). Their joint probability is

Tθ(i, y | z) := κθ(i | z)πθ,i(y | z). (2)

Thus Tθ sums to one over all possible next position–token events. Sampling (i, y) and replacing the
mask at i by y defines the next partial state. For example, from z = (A,[MASK],[MASK]), the
event (i, y) = (3, C) has probability κθ(3 | z)πθ,3(C | z) and produces (A,[MASK], C). Repeating
this transition defines a Markov process over partial states. The position selector may be fixed or
learned; the standard any-order objective in Equation 1 uses uniform selection over U(z).

Because Tθ is normalized, starting from the all-mask output state and applying the transition in
Equation 2 L times defines a normalized joint distribution over a complete sequence x and reveal
order γ ∈ SL. Its joint probability and sequence marginal are

pθ(x, γ) :=

L−1∏
k=0

Tθ(ik, xik | zk), pθ(x) :=
∑

γ′∈SL

pθ(x, γ
′). (3)

Here pθ(x, γ) is the joint model distribution, and pθ(x) is its completed-sequence marginal. Section 3
next uses a teacher-derived dependency graph to define a training distribution over these reveal orders.

3 MAPLE: FRAMEWORK AND THEORY FOR GRAPH-INDUCED TRAINING

3.1 TEACHER-EXTRACTED DEPENDENCY GRAPH

For every completed training sequence x, a frozen teacher model extracts a sequence-specific
dependency graph

G(x) =
(
I, E(x)

)
, E(x) ⊆ I × I, (4)

where E(x) is its set of directed edges. An edge j → i declares position j a reveal prerequisite of
position i. The extracted graph is held fixed during student training and must be a directed acyclic
graph (DAG): a directed cycle would leave its tokens mutually blocked under the readiness rule below.
Edges may point left-to-right (j < i) or right-to-left (j > i). Section 4.1 describes MAPLE’s practical
extractor. Below, we abbreviate the sequence-specific graph G(x) as G.

Let AncG(i) contain every strict ancestor of position i, i.e., every position from which a directed path
leads to i. At a revealed set O, define the graph-ready set

RG(O) := {i ∈ I \O : AncG(i) ⊆ O} . (5)

Write U(O) := I \O for the positions that remain masked. Thus RG(O) ⊆ U(O), and acyclicity
guarantees that RG(O) is nonempty whenever O ̸= I.
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Definition 1 (Graph-teacher variants). (i) Graph teacher. For every completed sequence x and proper
revealed set O ⊊ I, hG(· | O, x) is any θ-independent probability distribution over U(O).

(ii) Graph-hard teacher hhard
G . It assigns zero probability to every non-ready position.

(iii) Uniform any-order teacher. hAO(i | O) := 1{i ∈ U(O)}/|U(O)| is uniform over all remaining
masked positions.

(iv) Uniform-ready teacher h̄G. It assigns equal probability to all ready positions:

h̄G(i | O, x) :=
1{i ∈ RG(O)}
|RG(O)|

. (6a)

(v) Softened uniform-ready teacher h̃ε
G. For 0 ≤ ε ≤ 1, define

h̃ε
G(i | O, x) := (1− ε)h̄G(i | O, x) + εhAO(i | O), (6b)

where h̃0
G = h̄G and h̃1

G = hAO; for ε > 0, it has full support on U(O).

Recall from Section 2 that γ = (i0, . . . , iL−1) is a reveal order and Ok = {i0, . . . , ik−1} is its
revealed set after k steps. Repeated sampling from hG defines a normalized reveal-order distribution
and a step-k distribution over revealed sets:

qG(γ | x) :=
L−1∏
k=0

hG(ik | Ok, x), (7)

dGk (O | x) := Pr
γ∼qG(·|x)

(Ok = O). (8)

Different reveal orders γ can produce the same reveal set O after k steps, so dGk (O | x) sums the
probabilities of all such orders. A graph-hard teacher hhard

G produces only reveal orders that respect
every edge of G.

3.2 ELBO OBJECTIVE AND EFFICIENT TRAINING

The data contain only the completed sequence x; the reveal order γ is latent. For each γ, Equation 3
assigns joint probability pθ(x, γ). We use qG(· | x) from Equation 7 as a variational distribution over
γ. Factoring the corresponding negative ELBO across successive position–token transitions gives the
per-sequence training loss

LG(x; θ) =

L−1∑
k=0

E
Ok∼dG

k (·|x)

KL(hG(· | Ok, x) ∥κθ(· | zk))︸ ︷︷ ︸
position selection

+ E
i∼hG(·|Ok,x)

[− log πθ,i(xi | zk)]︸ ︷︷ ︸
token prediction

 .

(9)

Proposition 1 (Negative-ELBO identity). For the reveal-order distribution qG induced by a graph
teacher hG, if pθ(x) > 0, then

LG(x; θ) = Eγ∼qG(·|x) [log qG(γ | x)− log pθ(x, γ)]

= − log pθ(x) + KL(qG(· | x) ∥ pθ(· | x)) ≥ − log pθ(x), (10)

where pθ(γ | x) := pθ(x, γ)/pθ(x) is the model’s posterior over reveal orders.

The bound is tight exactly when pθ(· | x) = qG(· | x). Tightness is not required for sequence-
marginal optimality (see Theorem 1). Appendix C gives the proof and covers zero-probability cases
under the extended-real convention.

Efficient stochastic training. Exact evaluation of Equation 9 requires enumerating the revealed
sets under dGk . We instead use a one-state Monte Carlo estimator L̂G satisfying E[L̂G] = LG(x; θ).
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Draw K ∼ Unif{0, . . . , L− 1} and initialize O = ∅. Repeat K times: sample i ∼ hG(· | O, x) and
update O ← O ∪ {i}. With z = z(O, x), one model forward pass computes

L̂G := |I|

[
KL(hG(· | O, x) ∥κθ(· | z)) + E

i∼hG(·|O,x)
[− log πθ,i(xi | z)]

]
. (11)

After K = k repetitions, the resulting set O is distributed as dGk (· | x), which proves the stated
unbiasedness. For h̄G and h̃ε

G (Definition 1), sampling O uses only the stored graph and random
draws; neither the teacher nor the student is evaluated. The framework permits an independent
position-selection head κθ; practical MAPLE instead sets κθ by normalizing a confidence function of
πθ (Section 4.2). The same model forward pass supplies the quantities needed for every remaining
position, so both terms in Equation 11 are evaluated exactly, with no additional position sample or
model forward.

3.3 SEQUENCE-MARGINAL OPTIMALITY AND CLASSICAL ENDPOINTS

The data–teacher joint distribution ρG is sampled as follows. First draw X ∼ pdata and retrieve
its fixed graph annotation G(X). Starting from O0 = ∅, repeatedly sample Ik ∼ hG(· | Ok, X)
and set Ok+1 = Ok ∪ {Ik}, yielding the teacher order γ = (I0, . . . , IL−1) ∼ qG(· | X). Thus
ρG(x, γ) := pdata(x)qG(γ | x), whose sequence marginal is pdata. At step k, the visible state is
Zk = z(Ok, X) and the next position–token event is (Ik, XIk).

The model observes only Zk, while qG may depend on the complete X . We therefore marginalize
over all completed sequences and teacher orders that reach the same visible state z. Because one
position is revealed per step, the mask pattern in z uniquely determines k. For every z reached with
positive probability under ρG, define the state-only target and apply p(i, y | z) = p(i | z)p(y | i, z):

TG(i, y | z) := ρG(Ik = i,XIk = y | Zk = z)

= ρG(Ik = i | Zk = z)︸ ︷︷ ︸
κtar(i | z)

ρG(Xi = y | Ik = i, Zk = z)︸ ︷︷ ︸
πtar
i (y | z)

. (12)

These are state-only targets obtained by the marginalization above; G is not an input to the student.
Equation 2 has the same factorization. We call the model class transition-realizable if some θ0
can achieve κθ0(· | z) = κtar(· | z) at every such state and πθ0,i(· | z) = πtar

i (· | z) whenever
κtar(i | z) > 0. Equivalently, Tθ0(· | z) = TG(· | z) there. This is the standard population-level
realizability idealization, made plausible by a sufficiently expressive Transformer with separate heads
for κ and π. Let JG(θ) := EX∼pdata

[LG(X; θ)] and J ⋆
G := minϑ JG(ϑ).

Theorem 1 (Sequence-marginal optimality). For any fixed graph teacher hG in Definition 1, if
transition realizability holds, then, for every θ,

KL(pdata(x) ∥ pθ(x)) ≤ JG(θ)− J ⋆
G,

θ⋆ ∈ argmin
ϑ
JG(ϑ) =⇒ pθ⋆(x) = pdata(x) for all x. (13)

Thus an excess population loss of δ bounds the sequence-modeling KL by δ, and every global
minimizer recovers the data distribution without requiring pθ⋆(γ | x) = qG(γ | x). The full
construction and proof appear in Appendix E.
Proposition 2 (Classical endpoint reductions). Let G = G(c, L) be target-independent, so h̄G(· |
O, x) is determined by the visible state z alone. Use the uniform-ready teacher hG = h̄G and fix
the position selector, independently of the token predictor, as κθ(· | z(O, x)) = h̄G(· | O, x). Then
Equation 9 reduces to: (i) the left-to-right autoregressive negative log-likelihood for a chain; (ii) the
standard any-order MDLM objective (Hoogeboom et al., 2022; Sahoo et al., 2024) for the empty
graph; and (iii) the standard blockwise MDLM objective (Arriola et al., 2025) for a block-chain DAG,
with no within-block edges and all-to-all edges between successive blocks.

Appendix D gives the full reductions and architectural qualifications.

4 MAPLE: PRACTICAL ADAPTATIONS

Practical MAPLE makes two choices beyond Section 3: how to extract G(x), and how to transfer its
position preferences into the confidence-derived position distribution κθ of a standard MDLM.
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4.1 PREDICTIVE DEPENDENCIES AND OFFLINE EXTRACTION

We call an edge j → i predictive when making xj visible to πθ,i provides useful evidence for
predicting xi. A graph made of predictive edges can ease model optimization by focusing training on
informative partial contexts; noisy or uninformative edges weaken this benefit. MAPLE constructs
G(x) offline using a pretrained autoregressive teacher. For each target xi, we score candidate tokens
xj with j < i in two ways: (i) attention-based, which aggregates the teacher’s attention from the
prediction query for xi to xj ; and (ii) counterfactual-based, which measures how much the teacher’s
log-probability of xi decreases when xj is ablated from its context. We sparsify these scores to form
G(x), which is preprocessed before training. Appendix H provides the extraction details.

4.2 ADAPTING MAPLE TO CONFIDENCE-BASED DECODING

We target MAPLE at MDLMs that use confidence-based decoding. Rather than add a separate position-
selection head, we compute κθ by applying a fixed confidence function to the token predictions
πθ. This preserves exactly the architecture and decoding algorithm of MDLMs such as LLaDA and
Dream (Nie et al., 2025; Ye et al., 2025). For ε < 1, using h̃ε

G as the target of the position-selection
KL in Equation 9 would discourage high confidence on non-ready positions, but also push ready
positions toward equal confidence, potentially hurting decoding quality. We therefore modify this KL
target to preserve the model’s relative confidence among ready positions.

Let κ̄θ := sg[κθ], where sg denotes stop-gradient, and assume it has full support on U(O). Define

wε,G(i | O) := ε+ (1− ε)1{i ∈ RG(O)}, i ∈ U(O),

hproj,ε
θ,G (i | O, z) :=

wε,G(i | O)κ̄θ(i | z)∑
j∈U(O) wε,G(j | O)κ̄θ(j | z)

, 0 ≤ ε ≤ 1. (14)

At ε = 0, the target assigns zero probability to non-ready positions and renormalizes the stop-gradient
confidence scores over RG(O). Its KL to κθ equals − log

∑
i∈RG(O) κθ(i | z). Minimizing this KL

increases the total probability assigned to RG(O) while preserving the relative confidence among
ready positions. At ε = 1, the target equals κ̄θ, so KL(hproj,1

θ,G ∥κθ) ≡ 0 with zero gradient.

Let dε,Gk denote the step-k revealed-set distribution induced by h̃ε
G, as in Equations 7–8. Using h̃ε

G

for revealed-set sampling and the token-loss expectation, and hproj,ε
θ,G for the position-selection KL,

the practical loss is

Lproj
ε,G (x; θ) :=

L−1∑
k=0

E
Ok∼dε,G

k (·|x)

[
KL

(
hproj,ε
θ,G ∥κθ

)
+ E

i∼h̃ε
G

[− log πθ,i(xi | zk)]

]
. (15)

Equation 15 is not an exact ELBO because its position-selection KL and token expectation use
different targets. It nevertheless has the exact fallback below and performs well empirically (Section 5).
Training follows the same one-state procedure as Section 3.2, with the substitutions shown above.
Proposition 3 (Exact confidence-coupled fallback). Let κθ be a differentiable, strictly positive
normalization of the same token-confidence scores used for decoding. If G is empty for any ε, or if
ε = 1 for any G, then, for every θ, h̃ε

G = hAO and hproj,ε
θ,G = sg[κθ]. Consequently, Lproj

ε,G (x; θ) =

LAO(x; θ) and their training gradients agree under stop-gradient. With the same πθ and confidence-
based commit rule, inference uses exactly the standard parallel MDLM procedure.

Appendix G proves the projection and fallback claims.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

Models and training. We evaluate MAPLE across two MDLM backbones from different model
families and at different scales: LLaDA 2.0 16B MoE (Bie et al., 2025) and DreamReasoner-
8B (Wu et al., 2026c). We perform continued pretraining on randomly sampled subsets of FineMath-
4+ (Hugging Face TB Research, 2024) for mathematical reasoning and FineCode (Peng, 2025) for
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code generation. FineMath contains 2.31B/2.25B training tokens under the LLaDA 2/DreamReasoner
tokenizers, while FineCode contains 2.74B/2.51B. We use Qwen3-8B-Base (Qwen Team, 2025) as
the frozen autoregressive teacher for dependency extraction. Within each backbone–corpus group,
all continued-pretraining runs start from the same released checkpoint and source corpus and use
matched model- forward budgets on a one-pass schedule at diffusion block size 64. Graphs are
extracted offline once and discarded after training. The selected MAPLE runs use counterfactual
graphs for LLaDA 2/FineMath and DreamReasoner/FineCode, and attention graphs for the other two
backbone–corpus groups; Appendix B.3 gives their extraction settings and training configurations.

Tasks and metrics. We evaluate mathematical reasoning on MATH500 (Lightman et al., 2023;
Hendrycks et al., 2021), AIME24 (Jia, 2024), AIME25 (Zhang & Math-AI Team, 2025), Olympiad-
Bench (He et al., 2024), and AMC12-2025 (Nguyen & Tulabandhula, 2026; Art of Problem Solving),
and code generation on HumanEval (Chen et al., 2021), MBPP (Austin et al., 2021b), and Live-
CodeBench Pro (Zheng et al., 2025). We additionally evaluate text-to-SQL generation on the
1,034-example Spider development set (Yu et al., 2018). We report task accuracy and returned-token
parallelism: generated response tokens committed per model forward pass. Higher parallelism means
fewer model evaluations for a fixed response length.

Baselines and decoding. Our primary baseline uses the same backbone trained with the standard
MDLM objective, corresponding to the empty-graph any-order objective in Equation 1. Additional
state-of-the-art training baselines include Efficient-DLM (Fu et al., 2026), TRIMS (Chen et al.,
2026), and PUMA (Kim et al., 2026b). To test whether inference-time reordering alone accounts
for the gains, we also apply UNCODE (Huang et al., 2026), KLASS (Kim et al., 2025b), and
CCD (Chen et al., 2025a) to the DreamReasoner any-order FineMath checkpoint. Unless stated
otherwise, evaluation uses greedy blockwise decoding with 64-token blocks, benchmark-specific
generation caps, and confidence threshold τ = 0.95. At each step, we reveal the highest- confidence
remaining token and every other token whose confidence is at least τ ; the inference-only controls use
their respective ordering rules. All MAPLE results use the standard confidence-based decoder; the
graph is never consulted at inference.

5.2 TASK ACCURACY

Table 1: Accuracy (%). Indented rows are only applied during decoding and, due to resource
limitations, were not run on code. Bold marks the column best within each backbone.

Mathematical reasoning Code generation

Model Method
MATH

500
AIME
24+25

Olympiad
Bench

AMC12
2025

Math
avg.

Human
Eval MBPP

LCB
Pro

Code
avg.

Any-order (empty graph) 83.80 26.67 49.11 57.14 54.18 81.70 77.80 3.54 54.35
Efficient-DLM 83.80 25.00 47.03 57.14 53.24 81.71 78.99 4.25 54.98
TRIMS 84.80 28.33 47.18 61.90 55.55 84.15 77.04 4.11 55.10
PUMA 85.00 25.00 49.41 61.90 55.33 81.71 79.38 4.11 55.07

LL
aD

A
2.

0
16

B
M

oE

MAPLE (ours) 86.60 33.33 51.34 61.90 58.29 84.80 81.70 4.39 56.96
Any-order 90.40 45.00 52.37 76.19 65.99 85.98 83.27 15.01 61.42

+ UNCODE 89.40 45.00 52.23 76.19 65.70 — — — —
+ KLASS 90.20 41.67 52.52 76.19 65.14 — — — —
+ CCD 85.00 36.67 48.96 73.81 61.11 — — — —

Efficient-DLM 89.40 35.00 53.12 76.19 63.43 82.32 78.60 15.72 58.88
TRIMS 90.40 46.67 53.26 76.19 66.63 81.10 82.49 13.31 58.97
PUMA 90.60 43.33 52.52 78.57 66.26 82.32 85.21 15.01 60.85D

re
am

R
ea

so
ne

r
8B

MAPLE (ours) 91.20 50.00 52.52 83.33 69.26 89.63 81.71 15.44 62.26

Table 1 shows broad gains across backbones and domains. MAPLE is best or tied-best in 11 of the 14
backbone–benchmark comparisons and has the highest math and code average for both backbones.
On DreamReasoner/FineMath, where all seven baselines are available, MAPLE reaches 69.26%, 2.63
points above the strongest baseline (TRIMS). Some baselines win individual benchmarks, but those
gains do not persist across tasks.
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5.3 ACCURACY–PARALLELISM–COST TRADE-OFFS

Accuracy–cost tradeoff. Table 2 shows that MAPLE adds only 4.2% and 1.5% allocated GPU-
hours on FineMath and FineCode, respectively.

Table 2: Allocated GPU-hours for LLaDA 2 continued pretraining on 32 GPUs.
Corpus Any-order Efficient-DLM TRIMS PUMA MAPLE

FineMath 407.4 410.9 (+0.9%) 407.2 (−0.03%) 408.7 (+0.3%) 424.3 (+4.2%)
FineCode 469.1 452.0 (−3.6%) 443.9 (−5.4%) 463.1 (−1.3%) 476.2 (+1.5%)

These single-run measurements cover training allocation time and exclude queueing, preprocessing,
graph or bucket construction, and evaluation. The FineCode timing and accuracy comparisons use
separate replicates of the same empty-graph configuration.

Accuracy–parallelism tradeoff. Holding each final checkpoint from Table 1 fixed, we vary only
the decoding threshold in Figure 1.
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Figure 1: Accuracy–parallelism trade-offs from confidence-threshold sweeps of the same final
checkpoints as Table 1 over τ ∈ {0.95, 0.97, 0.99, 1.00}. The rightmost point of each curve is
τ = 0.95, the recommended setting for LLaDA 2 and DreamReasoner. Parallelism is returned
response tokens per model forward.

At the shared τ = 0.95 setting, MAPLE improves Spider normalized exact match from the strongest
baseline’s 46.03% to 52.42%, DreamReasoner HumanEval from 85.98% to 89.63%, and the Dream-
Reasoner competition-math aggregate from 61.43% to 66.67%, while maintaining comparable
returned-token parallelism. Thus the accuracy gains do not come from collapsing decoding toward
the serial regime. A conservative response to prerequisite supervision would be to suppress confidence
at most positions, leaving only a few above the threshold and reducing parallelism. The curves do not
show this behavior. Instead, they are consistent with the position-selection KL redistributing confi-
dence toward dependency-ready positions while preserving multiple simultaneous high-confidence
predictions.

5.4 EXPLAINING THE GAINS: DEPENDENCY COMPLIANCE

For each method, we use the final LLaDA 2/FineMath checkpoint from Table 1, run the standard
graph-free decoder, and record the completed response and the reveal round of every generated
token. Only after generation do we extract dependencies from that response with each judge. For
a same-block edge j → i, we count a violation when j is committed in the same or a later round
than i. This is therefore a free-running, generation-time test: it uses neither teacher forcing nor a
ground-truth reveal trajectory.
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Table 3: Dependency-violation rate (%, ↓) for
LLaDA 2. Avg. is the unweighted dataset mean.
Bold marks the lowest rate within each judge and
column.

Method MATH A24 A25 AMC OB Avg.

Attention judge
Any-order 8.46 8.20 7.93 8.11 8.76 8.29
Efficient-DLM 8.46 8.71 7.87 7.43 8.21 8.14
TRIMS 9.35 8.03 9.33 7.78 9.42 8.78
PUMA 8.64 9.23 8.79 8.68 8.85 8.84
MAPLE (ours) 5.79 5.96 5.14 4.84 5.75 5.50
Counterfactual judge
Any-order 39.58 37.92 35.92 36.85 40.68 38.19
Efficient-DLM 41.31 39.50 36.96 35.86 40.57 38.84
TRIMS 39.82 37.35 35.81 38.03 41.36 38.47
PUMA 40.19 39.54 37.61 40.46 41.12 39.78
MAPLE (ours) 26.05 23.87 24.17 24.41 24.49 24.60
ValueFlow judge
Any-order 44.56 38.61 47.16 46.92 52.11 45.87
Efficient-DLM 43.95 83.18 45.63 25.34 50.48 49.72
TRIMS 44.08 65.59 45.82 44.22 49.79 49.90
PUMA 47.24 43.83 43.14 41.72 56.31 46.45
MAPLE (ours) 35.31 41.56 26.55 41.42 35.92 36.15

The attention judge uses distance-debiased
teacher attention (Appendix H.1). The counter-
factual judge measures the target-probability drop
after parent ablation (Appendix H.2). Teacher-
free ValueFlow traces bindings and arithmetic
dataflow (Appendix B.7). Judge densities differ,
so comparisons are within judge.
MAPLE beats any-order in 14 of 15 dataset–judge
comparisons, ranks first in 13, and has the lowest
average for every judge. Its respective average re-
ductions are 33.7%, 35.6%, and 21.2%. Despite
training only on counterfactual dependencies, it
also reduces attention and ValueFlow violations.
Together with Table 1’s accuracy gains, this cross-
judge transfer is strong evidence that MAPLE elic-
its a general prerequisite-first generation be-
havior rather than fitting one extractor. Ap-
pendix I gives token-level examples.

6 RELATED WORK

Learning and planning reveal order. Token order materially affects masked-diffusion training
and decoding (Kim et al., 2025a; Garg et al., 2025). The OeMDM framework and its LoMDM
instantiation (Hong et al., 2026b) provide a scheduler-based view that includes MDLM, autoregres-
sive, and blockwise generation, while jointly learning full-sequence and partial-state schedulers.
Fox et al. (2026) variationally learn an order and its inference-time selector; Adaptive Order Poli-
cies (Mohamud et al., 2026) and UPO (Hong et al., 2026a) train lightweight policies from correctness
or reward; Where-to-Unmask (Asano et al., 2026) learns an oracle-guided ranking planner; and
Path Planning (Peng et al., 2025) performs inference-time planning with optional remasking. These
approaches retain a learned or explicit selection mechanism during generation. MAPLE instead uses
an offline prerequisite graph to supervise the existing MDLM and discards the graph at deployment.

Order-aware training. Methods without an additional inference module include PAPL (Peng et al.,
2026), PUMA (Kim et al., 2026b), and dParallel (Chen et al., 2025b), which align training with
confidence-based trajectories; Efficient-DLM (Fu et al., 2026) and AGDO (Deng et al., 2026), which
use position- or attention-derived schedules; and TRIMS (Chen et al., 2026), which transfers an
autoregressive teacher’s scalar token difficulty. Their principal practical order signals are per-position
scores. MAPLE instead supervises pairwise, sequence-specific prerequisites: readiness depends on
which prerequisite tokens are visible, while unrelated positions remain unordered. Its contribution
is this relational training signal together with graph-free confidence decoding, rather than order
awareness or endpoint unification alone.

Dependencies in diffusion decoding. DAWN (Luo et al., 2026) and DAPD (Kim et al., 2026a)
derive attention-based dependencies online, while DEMASK (Ringel et al., 2026) learns a pair-
wise predictor; all three use the resulting guidance during inference. Inference-only decoders
UNCODE (Huang et al., 2026), KLASS (Kim et al., 2025b), and CCD (Chen et al., 2025a) instead
modify reveal priorities without retraining; we evaluate them as decoding baselines. DA-DLM (Ji
et al., 2026) also uses a DAG, but its paths couple token candidates within one denoising step rather
than encoding reveal prerequisites. MAPLE instead uses offline, training-only graphs from attention
or counterfactual ablation (Cohen-Wang et al., 2025; 2024).

7 CONCLUSION

Dependency-structured generation unifies autoregressive, blockwise, and any-order models through
token prerequisites. MAPLE combines teacher-derived graph supervision and sequence-marginal
optimality with graph-free parallel decoding, improving accuracy and dependency compliance across
two backbones without sacrificing parallelism.
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A BROADER DIFFUSION LANGUAGE MODEL BACKGROUND

Discrete diffusion models such as D3PM (Austin et al., 2021a) corrupt discrete data and learn to
reverse the corruption. Masked diffusion language models specialize this construction to an absorbing
[MASK] state; MDLM (Sahoo et al., 2024) and MD4 (Shi et al., 2024) derive weighted masked-token
objectives, while ARDM (Hoogeboom et al., 2022) and RADD (Ou et al., 2025) connect them
to any-order autoregressive modeling. Large-scale instances include DiffuLLaMA (Gong et al.,
2025), LLaDA (Nie et al., 2025), Dream (Ye et al., 2025), and LLaDA 2 (Bie et al., 2025). Block
Diffusion (Arriola et al., 2025) and Fast-dLLM v2 (Wu et al., 2026a) combine autoregressive blocks
with within-block diffusion, while Set Diffusion (Arriola & Kuleshov, 2026) extends blocks to
arbitrary token sets. Generic confidence-based accelerators such as Fast-dLLM (Wu et al., 2026b) and
KLASS (Kim et al., 2025b) remain applicable to MAPLE because its inference interface is unchanged.

B IMPLEMENTATION DETAILS

This appendix specifies the configurations underlying Section 5. All reported training runs are
full-parameter continued pretraining from the named public checkpoints. Unless explicitly stated
otherwise, methods within a backbone–corpus group share the same initialization, source corpus,
optimization-step budget, and evaluation protocol.

B.1 MODELS, TOKENIZATION, AND CORPORA

We initialize LLaDA 2 from inclusionAI/LLaDA2.0-mini at revision
dad945cac317da394b390f82c7b40691d8a881ed, and DreamReasoner from
Dream-org/DreamReasoner-8B at revision
ed62b1d2c82ccd234b05ed2463b4c0ee640f2068. The Dream packed releases use the
tokenizer from Dream-org/DreamReasoner-8B-Base at revision
098c19582a619b634422caf129f7714177167cd8. Dependency extraction uses the frozen
teacher Qwen/Qwen3-8B-Base at revision
49e3418fbbbca6ecbdf9608b4d22e5a407081db4.

The FineMath data come from the finemath-4plus configuration of HuggingFaceTB/
finemath@
e92b25a616738fe95dc186b64dfb19f9c8525594. We retain annotated subshards 0–7 of
each 16-way parent shard and omit teacher-skipped overlong documents. FineCode comes from
fredzzp/fine_code@
53c4d84dd14183af0f80c6c11b34815b906f100b and uses a deterministic one-eighth sub-
set selected by SHA-256 hashing, followed by the same graph-sidecar coverage filter. FineCode
aggregates OpenCoder annealing data (Huang et al., 2025) and Ling-Coder-SyntheticQA (CodeFuse
& Ling Team, 2025). All releases are packed to length 2,048, with document boundaries aligned to
independent 64-token diffusion blocks. Valid-token and document-segment masks exclude padding
and cross-document dependencies from the objective.

Table 4: Training-corpus sizes in tokens under each backbone’s tokenizer. Counts exclude packing
padding and dynamically admitted terminal-EOS targets; they are corpus sizes, not padded compute
budgets.

Backbone tokenizer Corpus Training tokens

LLaDA 2 FineMath 2,311,964,569
LLaDA 2 FineCode 2,743,640,864
DreamReasoner FineMath 2,247,259,426
DreamReasoner FineCode 2,511,469,703

The corresponding packed-data manifest SHA-256 prefixes, in table order, are e20f3ecd,
45e250f9, 1085241e, and 4a0aece1; the released manifests store the full digests.
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B.2 OPTIMIZATION AND TRAINING BUDGET

All runs use AdamW with (β1, β2) = (0.9, 0.999) and ϵ = 10−8, cosine learning-rate decay to one
tenth of the peak, 5% linear warmup from zero, weight decay 0.1, gradient-norm clipping at 1.0,
microbatch size 1 per device, gradient checkpointing, BF16 mixed precision, and training seed 42.
Table 5 gives the remaining settings. Each schedule traverses 99.4–100.0% of its packed corpus.

Table 5: Selected continued-pretraining configurations. GBS is the global sequence batch size;
hardware is shown for the selected MAPLE run.

Backbone Corpus Hardware GBS Updates Peak → minimum LR

LLaDA 2 FineMath 32 B200 32 47,360 5×10−7 → 5×10−8

LLaDA 2 FineCode 32 B200 32 53,248 5×10−8 → 5×10−9

DreamReasoner FineMath 64 B200 64 22,144 5×10−7 → 5×10−8

DreamReasoner FineCode 64 GB300 64 24,256 5×10−7 → 5×10−8

Each method is evaluated at the checkpoint from its final training update; we do not select among
intermediate checkpoints. All primary runs use one training seed; evaluation uses seed 17 and one
generation per problem.

LLaDA 2 uses FSDP2 full sharding with expert parallelism 8, BF16 computation, FP32 reductions,
and an FP32 MoE router. DreamReasoner uses FSDP full sharding with BF16 parameters and FP32
reductions. For DreamReasoner/FineCode, any-order and MAPLE use 64 GB300 GPUs; Efficient-
DLM and PUMA use 64 B200 GPUs; and TRIMS uses 32 B200 GPUs with gradient accumulation 2,
preserving GBS 64.

B.3 DEPENDENCY EXTRACTION

We extract each graph once, before student training. The attention extractor averages the teacher
predictor’s attention over its final eight layers and all heads, removes the self-position and first-token
sink, renormalizes, and divides each score by the mean at the same token distance. It retains scores of
at least 5 and at most eight parents per token. The counterfactual extractor measures the distance-1
marginal effect in a 128-token teacher window, retains effects of at least 2 nats, and applies the same
top-8 limit. Appendix H gives the algorithms and token-alignment procedure.

Graphs are discarded after training and are never used by the decoder.

Practical single-step estimator. For each independent mutable block of length Ls, we sample
K ∼ Unif{0, . . . , Ls−1}, roll in one K-step prefix from h̃ε

G, and evaluate all remaining token losses
in one model forward pass. Multiplying the sampled bracket in Equation 15 by Ls is unbiased for its
unnormalized sum over steps; weighting this sample by Ls and dividing by the number of mutable
tokens in the batch estimates the corpus-token-normalized objective. The projected term introduces
supervision between the ready and non-ready groups while retaining the current within-group ratios
in its stop-gradient target. Were κ implemented as an independent head, additional supervision would
be needed to determine those rankings; our implementation instead derives them from the token
logits.

B.4 BASELINES

The any-order baseline uses the matched one-state empty-graph estimator and the standard confidence
decoder. Its expectation equals the standard any-order objective, although its mask sampler is not
the literal corruption sampler. Efficient-DLM is our implementation of position-dependent masking
with half-life ratio 0.1 because no official training code was available. TRIMS uses upstream revision
30d5f8c, the same Qwen teacher, eight hard-to-easy NLL buckets, trajectory probability 0.5,
future-mask probability 0.95, visible-random probability 0.05, exposure 0.8, loss weights 0.6/0.4,
bucket ratio 0.6, and time clipping 10−3. PUMA uses upstream revision 2f97f87, eleven schedule
points beginning at zero, confidence threshold 0.9, and the released pool/stall/resume policy. These
training baselines use the same initialization and source corpus and matched optimizer- step and
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model-forward budgets. Because PUMA chains several partial states from one example, it encounters
fewer distinct corpus tokens under that fixed forward budget.

UNCODE, KLASS, and CCD are inference-only controls applied to the DreamReasoner/FineMath
any-order checkpoint; they do not alter its training.

B.5 DECODING AND EVALUATION

Unless specified below, we use greedy blockwise confidence decoding with 64-token blocks and
confidence threshold τ = 0.95. Each step reveals the highest-confidence remaining token and every
other token with confidence at least τ . We use evaluation seed 17 and one generation per problem.
Mathematical reasoning uses a 4,096-token generation cap. LLaDA 2 uses 1,024 tokens for Hu-
manEval and MBPP, whereas DreamReasoner uses 4,096; LiveCodeBench Pro uses 4,096 and Spider
uses 256. We compute returned-token parallelism as the number of generated response tokens divided
by the number of denoiser forward passes. The Pareto curves sweep τ ∈ {0.95, 0.97, 0.99, 1.00}
while holding the checkpoint and all other settings fixed. DreamReasoner uses its released chat
template with thinking enabled; LLaDA 2 uses its released native template. Exact prompts, stopping
rules, and scoring scripts will accompany the released evaluation recipes.

Table 6: Evaluation sets and primary accuracy metrics. All metrics are single-sample pass@1.
Benchmark Examples Primary metric

MATH500 (Lightman et al., 2023; Hendrycks et al., 2021) 500 symbolic equivalence
AIME 2024/2025 (Jia, 2024; Zhang & Math-AI Team,
2025)

30/30 final integer answer

OlympiadBench (He et al., 2024) 674 reviewed symbolic answer
AMC12-2025 (Nguyen & Tulabandhula, 2026; Art of
Problem Solving)

42 symbolic equivalence

HumanEval (Chen et al., 2021) 164 isolated execution pass@1
MBPP sanitized (Austin et al., 2021b) 257 isolated execution pass@1
LiveCodeBench Pro (Zheng et al., 2025) 706 testcase execution pass@1
Spider dev (Yu et al., 2018) 1,034 normalized exact-set match

LiveCodeBench Pro is evaluated with LightCPVerifier revision
021d121c882e70856b66113142495e31b9fe1d80 and runtime revision
d614eef4f95b3654bf0758c64e1194b2575850b8. Spider uses the official database split
and compares parsed SQL structures after deterministic normalization; we retain the unmodified
upstream exact-match result separately. This normalized score is our deterministic extension of the
upstream structural evaluator; we do not report execution accuracy. The math macro first pools
AIME24 and AIME25 by example count, then averages MATH500, pooled AIME, OlympiadBench,
and AMC12-2025 equally. The code macro is the unweighted mean of HumanEval, MBPP, and
LiveCodeBench Pro. Returned-token parallelism excludes EOS and discarded terminal-block or
alignment positions.

B.6 SOFTWARE ENVIRONMENTS

The B200 runs use Python 3.11.13, PyTorch 2.7.1 with CUDA 12.8, and NCCL 2.26.2. LLaDA 2
training uses Transformers 4.56.2 and FlashAttention 2.7.4.post1; its evaluation uses Transformers
4.57.1. DreamReasoner B200 runs use Transformers 5.7.0. DreamReasoner/FineCode runs on GB300
use Python 3.12.9, PyTorch 2.12.0a0, CUDA 13.1, NCCL 2.30.100, and FlashAttention 2.7.4.post1.

B.7 DEPENDENCY-COMPLIANCE EVALUATION

We apply all three judges to the same stored generations. An edge is countable only when both
endpoints are generated response tokens in the same actual 64-token decoder block. For an edge
j → i, a violation occurs when the commit round of j is equal to or later than that of i; simultaneous
commits therefore count as violations. Dataset rates pool countable edges across examples, and the
reported macro is the unweighted mean of dataset rates.
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The attention and counterfactual judges use the Qwen teacher and the extraction procedures in
Appendix H.

ValueFlow judge. ValueFlow (valueflow stage a@4) is a deterministic, teacher-free parser
that builds a dependency graph directly from each completed response. It emits relations for uniquely
resolved bindings and their uses, exact computations, value reuse, aggregations, and final-answer
derivations, while abstaining when provenance is ambiguous. Its 34-parent capacity is storage
capacity rather than top-k pruning; the reported run had no truncated or overflow-rejected relations.
Exact character spans are projected to generated token coordinates using the pinned LLaDA 2
tokenizer. Examples that fail exact prompt-and-response round-trip alignment are excluded and
counted separately.

B.8 COMPUTE ACCOUNTING

Table 2 reports allocated training GPU-hours, computed as the outer Slurm allocation’s elapsed
wall time times the number of allocated GPUs. Each cell is one timing run. The totals include the
training allocation but exclude queueing, corpus preprocessing, dependency-graph or TRIMS-bucket
construction, and evaluation. FineCode timing and accuracy use separate replicates of the same
effective configuration. We do not report DreamReasoner training time because a complete matched
timing grid is unavailable.

C PROOF OF PROPOSITION 1

Fix a completed sequence x. For any step k and prefix Ok, expanding the local action KL and
combining it with the token term gives

KL(hG(· | Ok, x) ∥κθ(· | zk)) + EIk∼hG
[− log πθ,Ik(xIk | zk)]

= EIk∼hG
[log hG(Ik | Ok, x)− log Tθ(Ik, xIk | zk)] . (16)

Here we used Tθ(i, xi | zk) = κθ(i | zk)πθ,i(xi | zk).
At every proper prefix, hG(· | Ok, x) is normalized over U(Ok). Iteratively summing over
iL−1, . . . , i0 therefore gives

∑
γ qG(γ | x) = 1; a transition assigned zero probability by hG

contributes zero.

For a draw γ = (I0, . . . , IL−1) ∼ qG(· | x), dGk is the distribution of Ok. For every Ok in its support,
the next position is distributed as hG(· | Ok, x). Hence, for every function fk,

EOk∼dG
k
EIk∼hG(·|Ok,x)[fk(Ok, Ik)] = Eγ∼qG(·|x)[fk(Ok, Ik)]. (17)

Applying Equation 17 to Equation 16, summing over k, and using the product definitions of qG and
pθ yields

LG(x; θ) = Eγ∼qG(·|x)

[
log

L−1∏
k=0

hG(Ik | Ok, x)− log

L−1∏
k=0

Tθ(Ik, xIk | Zk)

]
= Eγ∼qG(·|x) [log qG(γ | x)− log pθ(x, γ)] . (18)

When pθ(x) > 0, factor pθ(x, γ) = pθ(x)pθ(γ | x) to obtain

LG(x; θ) = − log pθ(x) + Eγ∼qG(·|x) log
qG(γ | x)
pθ(γ | x)

= − log pθ(x) + KL(qG(· | x) ∥ pθ(· | x)) . (19)
Nonnegativity of KL gives Equation 10. If pθ(x) = 0, every joint path probability is zero, so
LG(x; θ) = +∞ and the lower bound still holds. If pθ(x) > 0 but pθ(x, γ) = 0 on a path with
positive qG(γ | x), the posterior is defined and both the path KL and the loss are +∞. Thus all stated
inequalities remain valid in the extended-real sense. □

D PROOF OF PROPOSITION 2

Under the proposition’s hypotheses hG = h̄G and κθ = h̄G, every local action KL in Equation 9 is
zero. It therefore remains only to identify the graph-induced occupancies and token terms.
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Autoregressive chain. For the chain graph, every proper prefix state has the singleton ready set
RG({1, . . . , k}) = {k + 1}. Thus qG puts unit mass on the left-to-right order. Equation 9 becomes

LG(x; θ) =

L∑
i=1

− log πθ,i (xi | z({1, . . . , i− 1}, x)) , (20)

the left-to-right NLL conditional on (c, L). Since the only supported path is left-to-right, marginaliz-
ing the path also gives pθ(x) =

∏L
i=1 πθ,i(xi | z({1, . . . , i− 1}, x)).

Empty graph and the standard any-order MDLM population loss. For the empty graph,
RG(O) = I \O, so every order has probability

∏L−1
k=0 (L− k)−1 = 1/L!. Let M denote the masked

set, let m = |M |, and abbreviate the token loss at that state by

ℓi(M) := − log πθ,i (xi | z(I \M,x)) . (21)

At step k = L−m of a uniform permutation, the remaining set M is uniform over the
(
L
m

)
subsets

of size m, and the next position is uniform within M . Therefore the contribution of that step is(
L
m

)−1 ∑
|M |=m m−1

∑
i∈M ℓi(M). Summing over m = 1, . . . , L gives

LAO =

L∑
m=1

1(
L
m

) ∑
M⊆I
|M |=m

1

m

∑
i∈M

ℓi(M). (22)

Now sample a mask rate t ∼ Unif(0, 1) and mask each position independently with probability t.
The corresponding inverse-rate-weighted population token loss expands as

Et∼Unif(0,1)EM∼Bern(t)L

[
1

t

∑
i∈M

ℓi(M)

]

=
∑

∅̸=M⊆I

(∫ 1

0

t|M |−1(1− t)L−|M | dt

) ∑
i∈M

ℓi(M). (23)

For a set of size m, the beta integral in parentheses is∫ 1

0

tm−1(1− t)L−m dt =
(m− 1)!(L−m)!

L!
=

1

m
(
L
m

) . (24)

Substitution into Equation 23 reproduces Equation 22 term by term. Thus

LG = LAO = Et∼Unif(0,1)EM∼Bern(t)L

[
1

t

∑
i∈M

− log πθ,i(xi | z(I \M,x))

]
. (25)

The empty mask contributes zero (with the value at t = 0 irrelevant because it is a measure-zero
event). Under unclipped uniform mask-rate sampling, independent masking, inverse-rate weighting,
and no additional raw-rate input, Equation 25 is the summed standard any-order MDLM population
token loss. Dividing both sides by L gives its mean-per-token convention.

Ordered blocks. Let I = B1 ∪̇ · · · ∪̇ BJ . Place an edge from every position in Bb to every
position in Bb+1, and place no edges within a block. By transitive reachability, every position in an
earlier block is an ancestor of every position in a later block. Hence all of B<b :=

⋃
a<b Ba must

be revealed before any position in Bb is ready, while every unrevealed position of the active block
is ready. Consequently, the reveal-order distribution completes the blocks in their fixed order and
chooses a uniform permutation independently within each block. Writing S(Bb) for the permutations
of Bb, this gives

LG(x; θ) =

J∑
b=1

Eσb∼Unif(S(Bb))

|Bb|−1∑
r=0

− log πθ,σb,r

(
xσb,r

| zb,r
)
, (26)
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where zb,r reveals B<b and the first r positions of σb. For each block, the same subset argument as
Equation 22 converts its uniform-permutation expectation to uniform random-mask token training
within that block. Since later blocks cannot be selected early, summing the model joint over the
within-block orders also yields the block-autoregressive factorization

pθ(x) =

J∏
b=1

 1

|Bb|!
∑

σb∈S(Bb)

|Bb|−1∏
r=0

πθ,σb,r
(xσb,r

| zb,r)

 . (27)

The chain and ordered-block constructions also yield the displayed sequential generative factorizations.
A bidirectional masked Transformer still defines these conditionals because future masks reveal
no token values. Literal recovery of conventional autoregressive and blockwise implementations
additionally requires their causal or block-causal attention and input conventions. The any-order
token-objective identity does not by itself identify the sequential generator with a particular parallel
diffusion process. □

E PROOF OF THEOREM 1

Work conditionally on the fixed context and length (c, L). Let µ0 denote the common distribution
of the initial all-mask state Z0 (a point mass in our setting), and let a = (i, v) denote a position–
token event. Write F (z, a) for the deterministic update that places token v at masked position i.
Under ρG(x, γ) = pdata(x)qG(γ | x), define Yk = (Ik, XIk). For each k and every state z with
ρG(Zk = z) > 0, define

TG(a | z) := ρG(Yk = a | Zk = z). (28)

Because Zk has exactly k revealed modeled positions, the supports of Zk at different steps are disjoint,
so this defines one unambiguous state-conditioned kernel. Outside this support, define TG as any
normalized distribution over valid actions.

Using Equation 16 and averaging over X ∼ pdata gives

JG(θ) = AG +

L−1∑
k=0

EρG
[− log Tθ(Yk | Zk)] , (29)

where

AG :=

L−1∑
k=0

EρG
[log hG(Ik | Ok, X)] (30)

does not depend on θ.

For each step, the tower property and the cross-entropy identity give

EρG
[− log Tθ(Yk | Zk)]

= EZk∼ρG

∑
a

TG(a | Zk) [− log Tθ(a | Zk)]

= EZk∼ρG

[
H
(
TG(· | Zk)

)
+KL

(
TG(· | Zk) ∥Tθ(· | Zk)

)]
. (31)

Here H(r) := −
∑

a r(a) log r(a). Summing this identity gives

JG(θ) = CG +

L−1∑
k=0

EZk∼ρG
KL

(
TG(· | Zk) ∥Tθ(· | Zk)

)
, (32)

where

CG := AG +

L−1∑
k=0

EZk∼ρG
H
(
TG(· | Zk)

)
(33)

is independent of θ. All KL terms in Equation 32 are nonnegative. Transition realizability supplies
one common parameter setting that makes every term zero, so the lower bound is attained and
J ⋆
G = CG.
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To see why independent universal position-selection and token-prediction heads suffice for this
assumption, factor each normalized target transition as

κtar(i | z) :=
∑
v∈V

TG((i, v) | z), (34)

πtar
i (v | z) := TG((i, v) | z)

κtar(i | z)
when κtar(i | z) > 0. (35)

The dependence of these target functions on the fixed reference ρG is suppressed in their notation;
neither takes G as an input. When κtar(i | z) = 0, define the associated token conditional arbitrarily.
The product κtar(i | z)πtar

i (v | z) then equals TG((i, v) | z) everywhere. Since the state supports at
different steps are disjoint, a single pair of state-conditioned heads can represent all of these factors
as functions of z alone. Idealized universal categorical heads whose model class includes the simplex
boundary can represent these factors simultaneously. Ordinary finite-logit softmax heads can only
approach exact zeros in the limit; this is why Theorem 1 states transition realizability explicitly.

On a complete trajectory τ = (z0, a0, z1, . . . , aL−1, zL), define the state-Markovized reference and
model trajectory distributions by

ρ̄G(τ) := µ0(z0)

L−1∏
k=0

[
TG(ak | zk)1{zk+1 = F (zk, ak)}

]
, (36)

ptrθ (τ) := µ0(z0)

L−1∏
k=0

[Tθ(ak | zk)1{zk+1 = F (zk, ak)}] . (37)

Because each transition fills one previously masked position, these are equivalently distributions
over a completed sequence and its reveal order. The model trajectory distribution ptrθ is the trajectory
representation of the joint pθ(x, γ) from Equation 3. The two trajectory distributions share the initial
distribution and deterministic update, but ρ̄G need not equal the trajectory representation of the
original, generally non-Markov joint ρG.

We next prove by induction that ρ̄G and ρG have the same state marginal at every step. The claim
holds at k = 0 because both use µ0. If it holds at step k, then for every next state z′,

ρ̄G(Zk+1 = z′) =
∑
z,a

ρ̄G(Zk = z)TG(a | z)1{F (z, a) = z′}

=
∑
z,a

ρG(Zk = z)ρG(Yk = a | Zk = z)1{F (z, a) = z′}

= ρG(Zk+1 = z′). (38)

The last equality uses Zk+1 = F (Zk, Yk) under ρG. The induction proves ρ̄G(Zk) = ρG(Zk) for
every k. Since ZL is the fully revealed sequence and∑

γ

ρG(x, γ) = pdata(x)
∑
γ

qG(γ | x) = pdata(x),

ρ̄G(X = x) = ρG(X = x) = pdata(x). (39)

Applying the KL chain rule to Equations 36–37, the identical deterministic update factors cancel and
give

KL(ρ̄G∥ptrθ ) = KL(µ0∥µ0) +

L−1∑
k=0

EZk∼ρ̄G
KL

(
TG(· | Zk) ∥Tθ(· | Zk)

)
= JG(θ)− CG = JG(θ)− J ⋆

G. (40)

The initial-state KL is zero. The second equality uses the state-marginal identity proved above
together with Equation 32.

Finally, map each trajectory to its completed sequence. Equation 39 shows that this maps ρ̄G to pdata,
while Equation 3 shows that it maps ptrθ to pθ. KL data processing therefore gives

KL(pdata∥pθ) ≤ KL(ρ̄G∥ptrθ ) = JG(θ)− J ⋆
G, (41)
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which proves Equation 13. At any global minimizer, the right-hand side is zero, so KL(pdata∥pθ⋆) =
0 and pθ⋆ = pdata.

All cross-entropies and KL divergences above use the extended-real convention. If the model
assigns zero probability to a transition with positive TG probability, the corresponding conditional
KL, trajectory KL, and objective are +∞, so the identities and inequalities remain valid. The
finite-horizon terms in CG are finite. □

F A GENERIC JOINT-TO-MARGINAL BOUND

Proposition 4 (Joint fitting controls sequence fitting). For every θ,

KL(pdata(x) ∥ pθ(x)) ≤ KL(ρG(x, γ) ∥ pθ(x, γ)) = JG(θ)−H(pdata). (42)

The left KL is over completed sequences x, whereas the right KL is over the joint space (x, γ).
Recall that ρG(x, γ) = pdata(x)qG(γ | x) and define H(pdata) := −EX∼pdata

log pdata(X). Direct
expansion gives

KL(ρG(x, γ) ∥ pθ(x, γ)) = E(X,γ)∼ρG
[log pdata(X) + log qG(γ | X)− log pθ(X, γ)]

= −H(pdata) + JG(θ), (43)

which proves the equality in Equation 42. The deterministic projection (X, γ) 7→ X maps the joint
ρG to pdata because

∑
γ qG(γ | x) = 1, and maps the joint model distribution pθ(x, γ) to its marginal

pθ(x) by Equation 3. Applying KL data processing to this map proves the inequality. The statement
remains valid in the extended-real sense when the joint ρG is not absolutely continuous with respect
to the joint model distribution pθ(x, γ). □

G PROOF OF PROPOSITION 3

Soft-projection calculation. Fix a state and abbreviate its ready and blocked sets by R and
B = U \R. Let S :=

∑
i∈R κ̄θ,i and Zε := S + ε(1− S). Then Equation 14 is

hproj,ε
θ,G (i) =

{
κ̄θ,i/Zε, i ∈ R,

εκ̄θ,i/Zε, i ∈ B.
(44)

For 0 < ε ≤ 1, set β = − log ε. For any distribution q on U , direct substitution gives

KL
(
q ∥hproj,ε

θ,G

)
= KL(q ∥ κ̄θ) + βq(B) + logZε. (45)

Thus hproj,ε
θ,G uniquely minimizes KL(q∥κ̄θ) + βq(B): it is a reverse-KL self-projection with a soft

penalty for blocked mass. The limit ε ↓ 0 restricts q to R and recovers the hard-support projection.

At the construction point, Equation 44 also gives

Dε := KL
(
hproj,ε
θ,G ∥κθ

)
= − logZε +

ε(1− S)

Zε
log ε, (46)

with the continuous convention 0 log 0 = 0. Hence D0 = − logS, D1 = 0, and, for 0 < ε ≤ 1,

dDε

dε
=

S(1− S)

Z2
ε

log ε ≤ 0. (47)

The action penalty therefore decreases monotonically to zero as the graph constraint is softened.

The two fallback cases. If G is empty, RG(O) = U(O) for every proper O, so every gate in
Equation 14 equals one for every ε. For the second case, take any nonempty G and set ε = 1; every
gate again equals one. In either case, hproj,ε

θ,G = κ̄θ. Because κ̄θ = sg[κθ] is numerically equal to κθ

at the current construction point,
KL(κ̄θ∥κθ) = 0. (48)
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The first argument is held fixed by stop-gradient, so differentiation at that same point gives

∇θKL(κ̄θ∥κθ) = −
∑
i

κ̄θ,i

κθ,i
∇θκθ,i

= −∇θ

∑
i

κθ,i = 0. (49)

Thus both the action-loss value and its gradient are zero.

For an empty graph, h̄G = hAO(· | O) and therefore h̃ε
G = hAO(· | O) for every ε. For any nonempty

G, setting ε = 1 similarly gives h̃1
G = hAO(· | O). In either case sequential sampling assigns every

reveal order probability
∏L−1

k=0 (L − k)−1 = 1/L!, so the revealed-set distribution and token term
equal LAO. Together with the zero action term, this proves the loss and training-gradient identities in
Proposition 3 for both fallback cases.

Equation 1 identifies the resulting token loss with the standard any-order MDLM population objective.
At inference, MAPLE evaluates neither G nor the projected target; applying the same confidence
score and parallel commit schedule to a fixed token model πθ gives exactly the vanilla decoding
procedure. This decoder equality is algorithmic and does not identify the parallel kernel with the
sequential likelihood model.

Contrast with the exact ELBO using h̃ε
G. Let dAO

k be the step-k revealed-set distribution induced
by a uniform permutation. If the softened uniform-ready policy h̃ε

G is used consistently in the exact
ELBO, then at ε = 1,

LELBO
1,G = LAO +

L−1∑
k=0

EOk∼dAO
k

KL(hAO(· | Ok) ∥κθ(· | zk)) . (50)

It equals LAO if and only if κθ(· | zk) = hAO(· | Ok) at every dAO
k -supported state. The soft-

projected hybrid instead replaces this uniform action target by the stop-gradient self-target at ε = 1,
making its action KL zero for any κθ; that replacement is why the hybrid is not this exact ELBO. With
fixed uniform κ, the exact-ELBO theorem applies to the resulting uniform sequential rollout subject
to the assumptions of Theorem 1; it does not by itself characterize an external parallel confidence
decoder. □

H DEPENDENCY GRAPH EXTRACTION

We extract a dependency graph for each training document with a frozen autoregressive teacher
(Qwen3-8B-Base), using one of two scores for a candidate edge j → i from an earlier position j to a
later position i. Restricting candidates to earlier-to-later edges guarantees acyclicity and matches the
context available to the causal teacher; it is an extraction choice, while the framework itself permits
arbitrary directed acyclic graphs. Because the autoregressive teacher and the diffusion student use
different tokenizers, both scores are computed on teacher tokens and then projected onto the student’s
tokens through the overlap of their character spans; markup that covers no text neither gives nor
receives edges.

H.1 ATTENTION-BASED EXTRACTION

A causal teacher predicts xi at position i − 1, so we read the attention row of this prediction
query, averaged over heads and the last eight layers, and drop the entry of the query’s own position,
which is often the largest in its row. After removing the attention sink (the first token of the input)
and renormalizing the row, the attention weight on an earlier token decays steeply with distance
(Figure 2a), so ranking by the raw weight returns an almost left-to-right chain (Figure 2b). We
therefore divide each weight by the average weight at the same distance within the document and
keep j as a parent of i when this ratio is at least 5.
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Figure 2: Attention of Qwen3-8B-Base on 1,400 FineMath-4+ documents . (a) Average attention
weight on an earlier token j by parent–child distance i− j. (b) Distance of each token’s strongest
parent when parents are ranked by the raw weight or by the weight divided by the average weight at
that distance.

H.2 COUNTERFACTUAL EXTRACTION

As in attention-mask ablation (Cohen-Wang et al., 2025), the effect of j on i is the drop in the
teacher’s log-probability of xi when xj is ablated by masking its key in every layer and head. This
fails at distance i− j = 1: xi is predicted at position j itself, so the prediction still sees xj through
that position’s own hidden state, and the measured effect is close to zero. For i = j + 1, we instead
replace xj by the teacher’s own predictions for it, averaging p(xi | x<j , x

′) over its most likely
tokens x′. We keep j as a parent of i when the effect is at least 2 nats, i.e., when ablating xj makes
xi at least e2 ≈ 7.4 times less likely.

I CASE STUDY: VISUALIZING THE DECODING PROCESS

We examine how teacher-derived dependency supervision changes the order in which MAPLE
commits tokens, comparing it with the any-order model (empty graph) on the same problems. We use
the LLaDA 2.0 16B MoE checkpoints from Table 1 and decode greedily with the confidence-based
block decoder of Section 5.1, with block size 64 and at most 4096 generated tokens, recording
the decoding step at which each token is committed. The any-order model can commit a token
before the tokens it depends on are revealed. In a math solution, this can mean that the result of a
calculation is committed while the expression that produces it is still partly masked; in the selected
examples below, this leads to a wrong final answer. Under the same decoder, MAPLE commits the
corresponding results mostly after the tokens they depend on are revealed, and its final answers are
correct. Figures 3–5 show one problem each from MATH500, AMC12-2025, and OlympiadBench,
solved by both models.

Each figure shows a short excerpt of both solutions after selected decoding steps (left). The decoder
completes one 64-token block before it starts the next, and steps are counted within the block being
decoded (next block: a step of the following block). Rows need not be consecutive steps, and the
step numbers only order the rows of one model; they do not compare decoding speed between the
two models. Each box is one token, shown as generated except that a token’s leading space is not
drawn ( marks a token that consists only of a space, and \n a line break). Gray boxes are still
masked, and the shade of a committed box gives the step at which it was committed, from light
(earlier) to dark (later). The tokens that decide the final answer have a solid border (red for
the any-order model, green for MAPLE), and the tokens they are computed from have a dashed
orange border . Vertical dots stand for the remaining steps, and the last row (Last step) shows the
final answer once decoding has finished (× wrong, ✓ correct).

MATH500 (Figure 3). Both models add the digit sums 1 + 3 + 6 + · · ·+ 36 one term at a time.
The any-order model commits the first digit of 35 + 21 in the same step as the two operands and gets
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Any-order final answer 4 ×

Step 1 - $ 3 5 + 2 1 = 6 $ \n - $ 2 =

Step 2 - $ 3 5 + 2 1 = 6 $ \n - $ 6 6 + 2 8 =

4 $ \n - $ 4 + 3 6 = 1

Step 1
(next block)

- $ 3 5 + 2 1 = 6 6 $ \n - $ 6 6 + 2 8 =

9 4 $ \n - $ 9 4 + 3 6 = 1 3 0 $

...

Last step Final Answer : \n \n $$ \n \ boxed { 4 } \n $$

MAPLE final answer 3 ✓

Step 1 - $ 3 5 + 2 1 = - $

Step 2 - $ 3 5 + 2 1 = 5 6 $ \n - $ 5 6 + 2 8 =

8 4 $ \n - $ 8 4

Step 1
(next block)

- $ 3 5 + 2 1 = 5 6 $ \n - $ 5 6 + 2 8 =

8 4 $ \n - $ 8 4 + 3 6 = 1 2 0 $

...

Last step Final Answer : \n \n $$ \n \ boxed { 3 } \n $$

Figure 3: MATH500. Problem: find n with 0 ≤ n < 9 and 1 + 12 + 123 + · · · + 12345678 ≡ n
(mod 9) (answer 3). Shown: the running sums of the digit sums at the decoding steps given on the
left, then the final answer. Steps are counted within the 64-token block being decoded, and rows need
not be consecutive steps. Gray : masked; shade: step of commitment, from light (earlier) to
dark (later); solid border : tokens that decide the answer; dashed border : tokens they
are computed from.

66 instead of 56, which leads to the wrong answer 4. MAPLE commits 35 + 21 first and its result, 56,
one step later, and answers 3.

AMC12-2025 (Figure 4). The any-order model checks each candidate column; for c = 55 it has
to decide whether r = 765/9 ≈ 85.00 is an integer. It commits “not integer” before the decimals
“00” are revealed, drops this valid square (765/9 = 85), and answers 10. MAPLE commits the closed
form r = 14k + 1 only after the fraction (126k + 9)/9 is in place, and answers 11.

OlympiadBench (Figure 5). In the shoelace formula, the any-order model commits the product
(6)(2) as 36 in the same step as its two factors, which gives the wrong area 8. MAPLE commits
6 · 2 = 12 one step after its factors and obtains the area 20.
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Any-order final answer 10 ×

Step 2 - $ c = 5 5 $: $ r = \ frac { 1 4 ( 5 5 ) - 5 }{

9 } = \ frac { 7 6 5 }{ 9 } \ approx 8 5 . $

Step 4 - $ c = 5 5 $: $ r = \ frac { 1 4 ( 5 5 ) - 5 }{

9 } = \ frac { 7 6 5 }{ 9 } \ approx 8 5 . $ →

not integer

Step 6 - $ c = 5 5 $: $ r = \ frac { 1 4 ( 5 5 ) - 5 }{

9 } = \ frac { 7 6 5 }{ 9 } \ approx 8 5 . 0 0 $ →

not integer

...

Last step Final Answer : \n \n $$ \n \ boxed { 1 0 } \n $$

MAPLE final answer 11 ✓

Step 1 r = \ frac { 1 4 ( 9 k + 1 ) - 5 }{ 9 } {

6 k + 1 4 1

Step 3 r = \ frac { 1 4 ( 9 k + 1 ) - 5 }{ 9 } = \ frac {

1 2 6 k + 1 4 - 5 }{ 9 } \n = \ frac { 1 2 6 k +

9 9 }

Step 7 r = \ frac { 1 4 ( 9 k + 1 ) - 5 }{ 9 } = \ frac {

1 2 6 k + 1 4 - 5 }{ 9 } \n = \ frac { 1 2 6 k +

9 }{ 9 } = 1 4 k + 1

...

Last step Final Answer : \n \n $$ \n \ boxed { 1 1 } \n $$

Figure 4: AMC12-2025. Problem: a grid of 141 rows and 91 columns is filled with 1, . . . , 12,831
once row by row and once column by column; how many squares receive the same number twice
(answer 11)? Both models reduce this to the columns c ≡ 1 (mod 9), whose matching row is
r = (14c− 5)/9. Shown: the check of c = 55 (any-order) and the closed form for r (MAPLE), then
the final answer. Legend as in Figure 3.
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Any-order final answer 8 ×

Step 1 )( ) + )( )

Step 2 $$ 0 )( 2 ) + ( 0 )( 6 ) + ( 6 )( 2 ) + ( 6 )( 0 ) +

( 2 )( 0 ) = 0 + 0 + 3 6 +

Step 1
(next block)

$$ ( 0 )( 2 ) + ( 0 )( 6 ) + ( 6 )( 2 ) + ( 6 )( 0 ) +

( 2 )( 0 ) = 0 + 0 + 3 6 + 0 + 0 = 3

6

...

Last step So the final answer is \ boxed { 8 }.

MAPLE final answer 20 ✓

Step 3 0 \ cdot 2 &= 0 \\ \n 0 \ cdot 6 &= 0

6 \ cdot 2

Step 4 0 \ cdot 2 &= 0 \\ \n 0 \ cdot 6 &= 0 \\ \n

6 \ cdot 2 &= 1 2

Step 1
(next block)

0 \ cdot 2 &= 0 \\ \n 0 \ cdot 6 &= 0 \\ \n

6 \ cdot 2 &= 1 2 \\ \n 6 \ cdot 0 &= 0

\\ \n 2 \ cdot 0 &= 0

...

Last step So the final answer is $\ boxed { 2 0 }$.

Figure 5: OlympiadBench. Problem: compute the area of pentagon TNYWR with T = (0, 0),
N = (2, 0), Y = (6, 6), W = (2, 6), and R = (0, 2) (answer 20). Shown: the products yixi+1 of
the shoelace formula (and, for the any-order model, their sum), then the final answer. Legend as in
Figure 3.
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